Introduction
Let Ω be an open subset of R n , and let f be a real continuous function defined in Ω. We say that f is one-sided at a point x ∈ Ω, if there exists a neighborhood U of x, such that either f (x) ≥ f (x) or f (x) ≤ f (x) for x ∈ U, but f is not constant on U. Otherwise (i.e., if either f (x) = f (x) near x or f (x) − f (x) assumes both positive and negative values at every neighborhood of x) f is multisided at x. If f is a continuous function f : Ω → R n , then f is multisided at x if every component f i (x) is multisided at x. There exists differential (actually, quasianalytic) versions of the preceding concepts. Let M = M j be a logarithmically convex sequence of positive numbers. Let V be an open subset of R k , where k is arbitrary. The class C M (V ) consists of those functions f in C ∞ (V ) such that for every compact K ⊂ V there exists constants A and B such that for every multi-index α, the inequality
holds whenever x ∈ K. The well-known Denjoy-Carleman theorem [3] states that the class C M (V ) is quasianalytic if and only if the series
, we may consider C M manifolds, in particular we consider C M curves, that is, curves which possess a parametric representation x(t) = (x 1 (t),...,x n (t)), such that the functions x i (t) are in the class
(1) the first nonvanishing derivative of f (x(t)) (with respect to t at t = 0) is of even order and is positive or (2) the first nonvanishing derivative of f (x(t)) is of even order and is negative or
The relation between ordinary one-sidedness and C M one-sidedness is spelled out in the following proposition.
The proof of Proposition 1.3 depends on the desingularization results of Bierstone and Milman [2] . The proposition implies immediately the following version of Theorem 1.1. 
Note that the boundary behavior of f along with quasianalyticity imply that no component f i of f is locally constant at any point. As seen in Example 3.3, we do not have a C M strengthening of Theorem 1.2.
Observe that Proposition 1.3 and Theorem 1.4 are valid if, instead of assuming that M is a Denjoy-Carleman class, we assume that M = C(Ω), where the collection of algebras C(U) (U runs over all open subsets of R m , m arbitrary) satisfies conditions (3.1), (3.2), (3.3), (3.4), (3.5), and (3.6) of [2] . As a matter of fact, only these assumptions are needed for the validity of the desingularization results in [2] .
The motivation for the study of multisidedness comes from recent results on set-valued maps of the closed simplex ∆ (see [4] ), results which have gametheoretic applications. For example, it is shown that under certain conditions, if F is a set-valued map from ∆ to the convex subsets of ∆, then for every y ∈ int(∆), there exists x, such that y is in the relative interior of F(x) (see [4, Theorem 1]). If in addition, the closure of the set {x : y ∈ rel int(F(x))} is zero dimensional, then there exists x ∈ int(∆) such that y ∈ int(F(x)) (see [4, Theorem 2] ). The purpose of this paper is to find a single-valued analog of the results of [4] . The proofs of Theorems 1.1 and 1.2 here are similar in spirit to the proofs of Theorems 1 and 2 in [4] , respectively. In [4] , the maps are not deformed continuously (as in the present paper); instead, certain neighborhoods of the origin are removed from the values of the (set-valued) maps. The weaker conclusion in Theorem 1.1 as well as the slightly weaker zero-dimensionality assumption in Theorem 2 of [4] are compensated by a certain finiteness assumption made in [4] .
Note that, Theorems 1.1 and 1.4 continue to hold, if we replace the standard base of R n by any other basis v 1 ,...,v n , write f as Note that, unlike the situation in Sard's theorem, Theorem 1.1 applies to all points y ∈ B.
Proofs
Let f satisfy the assumptions of Theorem 1.1, and let y be an arbitrary point of B. We may assume, without loss of generality (to simplify notation a bit), that y = 0. Let x be a point in
i (0,∞). For any set A, let ρ(x,A) denote the distance of x from A (= inf y∈A |x − y|). We now deform the map f as follows: for every t ≥ 0, set
where
. But the restriction of f t (x) to the boundary ∂B is essential for positive t as well, so that the set f −1 t (0) is nonempty. Hence, there exists
. This means that either there exists a neighborhood of x, where f i vanishes identically, or in every neighborhood of x f i assumes both positive and negative values. Thus, f is multisided at x, proving Theorem 1.1.
In proving Theorem 1.2, we continue to use the notations introduced in the proof of Theorem 1.1. Assume, without loss of generality, that the set f −1 (0) is zero dimensional at each point of the closure of the set F = {x :
, and that the deformations defined by (2.1) and (2.2) eliminate all zeros of f outside F without introducing new ones. It is possible, however, that f t (x) will no longer vanish (for t > 0) on all of F. We modify the deformation by setting
It is easily seen that g t (x) = 0 if t > 0 and x ∈ F. The assumptions on boundary behavior imply that for all t ≥ 0, we have
(We use standard notation for degree.) By assumption, the set f −1 (0) is zero dimensional at every point of the compact set F. This implies that for every > 0, the set F may be covered by a finite number of disjoint open sets whose diameter is less than , and whose boundaries do not meet f The proof of Proposition 1.3 relies on the results of [2] . We may assume, without loss of generality, that x = 0 and f (0) = 0. Let h(x) be a scalar C M function in a neighborhood U of the origin, with h(0) = 0 such that h does not vanish identically in U and h(x) ≥ 0 in U. Let x(t) be an arbitrary C M curve in U such that x(0) = 0. If there exists a sequence t n → 0, t n = 0, such that h(x(t n )) = 0 for all n, then the quasianalyticity of h and x implies that h(x(t)) vanishes identically. Otherwise, the function h(x(t)) is strictly positive for small t = 0. Not all derivative of h(x(t)), with respect to t, vanish at t = 0; the first nonzero one must be of even order and positive.
It remains to show that, there exist C M curves x(t) such that h(x(t)) does not vanish identically. This follows from the "curve selection lemma." We prove the existence of such curves following Atiyah (see [1, page 147] ) and BierstoneMilman [2] , and noting that there exists an n-dimensional C M manifold U and a proper C M map φ from U onto a neighborhood of the origin (contained in U) such that φ −1 is one to one on {x : h(x) = 0}, and such that h • φ is locally a monomial times an invertible factor (in suitable coordinates). In particular, we may choose a (connected) neighborhood W in U and C M coordinates w 1 Hence h is C M one-sided at 0. Let h be C M one-sided such that for every C M curve x(t) with x(0) = 0, either the first nonvanishing derivative of h(x(t)) is positive and of even order, or h(x(t)) = 0. We will show that h is one-sided. If h(x) assumes negative values in every neighborhood of 0, then either (i) g(0) > 0 and the numbers k i are not all even, or (ii) g(0) < 0 and all the numbers k i are even. In case (i), suppose that k 1 is odd. Considering the C M curve x(t) = φ(t,0,...,0), we see that h is not
